Environment induced incoherent controllability by Romano, Raffaele & D'Alessandro, Domenico
ar
X
iv
:q
ua
nt
-p
h/
05
11
08
1v
1 
 8
 N
ov
 2
00
5
Environment induced incoherent controllability∗
Raffaele Romano† and Domenico D’Alessandro‡
Department of Mathematics, Iowa State University, Ames IA 50011, USA
We prove that the environment induced entanglement between two non interacting, two-dimensional
quantum systems S and P can be used to control the dynamics of S by means of the initial state of
P . Using a simple, exactly solvable model, we show that both accessibility and controllability of S
can be achieved under suitable conditions on the interaction of S and P with the environment.
PACS numbers: 02.30.Yy, 03.65.Ud, 03.67.-a
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INTRODUCTION
Control theoretical methods and concepts are playing
an important role in the development of modern quan-
tum mechanics and in particular of quantum information
theory [1]. Control theory ideas are used both in the
analysis of quantum dynamics and generation of entan-
glement [2, 3, 4, 5, 6] and in the development of algo-
rithms for the control of quantum systems [7, 8, 9, 10].
In this context, a fundamental question is to what extent
it is possible to influence the dynamics of a quantum sys-
tem by an external action. This controllability question
will be the object of the present letter.
It is assumed that the dynamics of a quantum system
S depends on a number of parameters u (the controls)
that can be externally modified, i.e.
ρS(t, u) = γ(t, u)[ρS(0)] (1)
for some linear map γ = γ(t, u), where ρS is the statistical
operator associated to S.
In the controllability analysis of a given system, one
wishes to study the set of the possible transitions that
can be induced in the system by choosing the controls u.
To formalize this question, one introduces the reachable
set from ρS at time t as
R(ρS , t) = {ρS(t, u)|ρS(0) = ρS , u ∈ U}, (2)
where U is the set of admitted controls. The reachable
set from ρS is given by
R(ρS) = lim
T→+∞
RT (ρS), (3)
where
RT (ρS) =
⋃
06t6T
R(ρS , t) (4)
is the reachable set from ρS until T . In general R(ρS) ⊆
PS , where PS is the convex set of all density matrices
associated to S. The main controllability properties are
defined in connection to these sets as follows.
Definition 1 The system S is said accessible if and only
if RT (ρS) contains non empty open sets of PS for all T
and for all ρS ∈ PS .
From a physical point of view, this means that it is possi-
ble to move every initial system ρS in arbitrary directions
in PS by suitably choosing the control parameters u.
Definition 2 The system S is said controllable if and
only if R(ρS) = PS for all initial state ρS ∈ PS .
Consequently, for a controllable system S every transi-
tion between two arbitrary states in PS is allowed.
Controllability has been investigated in depth for
quantum systems when the controls u appear as param-
eters in the Hamiltonian of the system. This study has
concerned both for unitary and dissipative evolutions and
has led to several algebraic criteria to test controllability
(see e.g. [11, 12, 13, 14]). Methods of control which use
tunable parameters in the Hamiltonian of the systems are
referred to as coherent control methods. Motivated by
several experimental scenarios, control techniques have
recently been investigated where the control variable af-
fect an auxiliary system which is then made interact with
the quantum system to obtain control [15, 16, 17]. More
precisely, the system S is allowed to interact with a sec-
ond system P , called probe, and initially they are in an
uncorrelated state ρS⊗ρP . It is assumed that it is possi-
ble to modify the initial state of P before the interaction,
therefore in this case the controls enter the dynamics of
S through ρP = ρP (u). This control method is referred
to as incoherent control since it does not rely on modifi-
cations of the Hamiltonian of the system S.
Controllability and accessibility of S in the incoherent
control setting have been investigated under the assump-
tion that the composite system T = S + P is closed. In
this case the dynamics (1) is given by
ρS(t, u) = TrP
(
X(t)ρS ⊗ ρP (u)X†(t)
)
, (5)
where TrP is the partial trace over the degrees of free-
dom of P , X(t) = e−iHT t is the unitary propagator and
HT = HS + HP + HSP is the Hamiltonian of T . The
coupling between S and P is given by the interaction
2Hamiltonian HSP . Necessary and sufficient condition for
controllability and accessibility have been derived in the
case of two-dimensional S and P [17], under the hypoth-
esis that it is possible to obtain all the pure states of ρP
by an arbitrary choice of the control.
Theorem 1 [17] The system S evolving under (5) is
(incoherent) controllable if and only if there is a time t
at which the unitary evolution of the composite system
X(t) is locally equivalent to the SWAP operator.
Algebraic conditions of incoherent controllability equi-
valent to the ones expressed in Theorem 1 can be given
by considering the Cartan decomposition [18] of X(t),
X(t) = L1(t)e
atL2(t), (6)
where L1(t), L2(t) are local transformations, a = cxσ
S
x ⊗
σPx + czσ
S
y ⊗ σPy + czσSz ⊗ σPz is an element of the Cartan
subalgebra of su(4), ci are real coefficients and σ
S,P
i are
the Pauli matrices in S, P respectively.
Conditions for accessibility of S can be expressed in
terms the coefficients appearing in the Cartan decompo-
sition.
Theorem 2 [17] The system S evolving under (5) is
accessible if and only if ci 6= 0 for all i = x, y, z.
The assumption that T is a closed system is valid only
in first approximation. In general, there will be an exter-
nal environment E interacting with T and thus affecting
the controllability properties of S. Since in general there
is no control on E, intuition suggests that the interac-
tion between E and T is always a negative factor for the
controllability properties of S, as it leads to a dissipative
evolution for T . The main goal of this letter is to prove
that this is not always true and that the interaction with
E can have a positive impact for the incoherent control-
lability of S by P . In the following we shall consider a
common model for the environment given by a large num-
ber of decoupled harmonic oscillators and show that for
appropriate forms of the bath-system interaction we can
have accessibility and controllability of a system which
would otherwise be not controllable and not accessible
as a closed system. Our research is related to the inves-
tigation in [19] where it was shown that the interaction
with a common environment can generate entanglement
for a couple of systems plunged in it. The case treated
here is in essence the opposite of the one treated in [17].
In that paper system and probe were assumed interact-
ing and no environment was present. In the case treated
here, system and probe are assumed not directly inter-
acting and their interaction is totally due to the presence
of the environment.
A MODEL OF TWO SYSTEMS INTERACTING
THROUGH THE ENVIRONMENT
We consider the model of the environment described
in [20]. E given by a set of N decoupled harmonic oscil-
lators with Hamiltonian
HE =
N∑
i=1
~ωi
(
b
†
ibi +
1
2
)
(7)
where b†i , bi are the creation and annihilation operators
associated to the i−th oscillator and ωi its angular fre-
quency. This is the bosonic bath model as N → ∞ and
the considerations on controllability that will follow do
not depend on N . We assume HT = 0, that is the com-
posite system of system and probe, T = S + P , has no a
free evolution. We assume a linear coupling between E
and T depending on the positions of the oscillators,
HET =
N∑
i=1
AT ⊗ gi(bi + b†i ), (8)
where gi is the coupling constant of the i−th oscillator
and AT an arbitrary hermitian operator in the Hilbert
space of T . The evolution of a state of S is given by
ρS(t, u) = TrPTrE
(
X(t)ρS ⊗ ρP (u)⊗ ρEX†(t)
)
(9)
where X(t) = e−i(HE+HET )t and S, P and E are all ini-
tially decoupled. The environment is in the thermal state
ρE . AT is a constant of motion since [AT , HE+HET ] = 0,
therefore it is possible to find the exact analytical expres-
sion of the dynamics. It is convenient to introduce the
eigenvalues and eigenvectors of AT , AT |αi〉 = αi|αi〉 for
i = 1, . . . , 4, therefore (9) becomes
ρS(t, u) =
4∑
i,j=1
TrP |αi〉〈αj |
(
ρS ⊗ ρP (u)
)
ij
γij(t) (10)
where we introduced the functions
γij(t) = e
−(αi−αj)
2f(t)+i(α2i−α
2
j )ϕ(t) (11)
and
f(t) =
N∑
i=1
( gi
~ωi
)2
(1 + 2n¯i)(1 − cosωit),
ϕ(t) =
N∑
i=1
( gi
~ωi
)2
(ωit− sinωit), (12)
where n¯i is the average thermal occupation number for
the i−th oscillator [20].
To compute the partial trace in (10) we need to make
some assumptions on the eigenvectors of AT . In the
study of the incoherent controllability for this system,
3we find convenient to explore two opposite cases: either
all the eigenvectors are factorized states in the Hilbert
space of S + P , or they are maximally entangled states.
By exploring these two extreme cases we will find ex-
amples of evolutions that are not accessible, accessible
but not controllable or controllable. This last case will
prove our claim that the environment induces incoherent
controllability.
CONTROLLABILITY AND ACCESSIBILITY
PROPERTIES
We first consider the case where the eigenvectors of
AT , |αi〉, are factorized states, i.e. |αi〉 = |αSk 〉 ⊗ |αPl 〉
with i = (k, l), i = 1, . . . , 4 and k, l = 1, 2, and the sets
{|αS1 〉, |αS2 〉}, {|αP1 〉, |αP2 〉} are orthonormal bases in the
Hilbert spaces of S and P , respectively. In this case
TrP |αi〉〈αj | = δln|αSk 〉〈αSm| (13)
and moreover
(
ρS ⊗ ρP (u)
)
ij
= (ρS)km
(
ρP (u)
)
ln
(14)
where i = (k, l) and j = (m,n). Thus equation (10)
becomes
ρS(t, u) =
2∑
k,m=1
[
(ρS)km|αSk 〉〈αSm| ·
·
2∑
n=1
(
ρP (u)
)
nn
γ(k,n)(m,n)(t)
]
(15)
and initial states ρS that are diagonal in the considered
basis do not evolve. Examples of evolutions displaying
this behavior are determined by interaction terms of the
form AT = AS + AP or AT = AS ⊗ AP , where AS and
AP are hermitian operators acting on the Hilbert spaces
of S and P . It follows that in these cases S is neither
accessible nor controllable, therefore a necessary condi-
tion for accessibility and controllability is that at least
one eigenvector of AT is an entangled state in S + P .
We assume now that all the eigenvectors are maximally
entangled states, i.e. Bell states
|α1,2〉 = 1√
2
(|αS1 〉 ⊗ |αP1 〉 ± |αS2 〉 ⊗ |αP2 〉)
|α3,4〉 = 1√
2
(|αS1 〉 ⊗ |αP2 〉 ± |αS2 〉 ⊗ |αP1 〉) (16)
in suitable bases {|αS1 〉, |αS2 〉} and {|αP1 〉, |αP2 〉}. It is con-
venient to use a coherence vector representation for the
states in S and P , that is
ρS =
1
2
(I+ ~s · ~σS), ρP = 1
2
(I+ ~p · ~σP ) (17)
where ~s, ~p are real vectors in the Bloch spheres of S and
P and ~σS,P are the vectors of the Pauli matrices in S
and P . In this representation the dynamics (10) takes
the form
~s(t, u) = A(t, ~s0)~p(u) + ~a(t, ~s0) (18)
where A(t, ~s0) is the matrix
1
2
Im

 iγ13−24(t) szγ13−24(t) syγ13+24(t)szγ14−23(t) iγ23−14(t) −sxγ23+14(t)
−syγ12+34(t) sxγ34−12(t) iγ12−34(t)


(19)
and
~a(t, ~s0) =
1
2
Re

 sxγ13+24(t)syγ23+14(t)
szγ12+34(t)

 . (20)
Here, we have introduced the convenient notation
γij±kl(t) = γij(t)± γkl(t) (21)
where the γij have been defined in (11), and ~s0 =
(sx, sy, sz) represents the initial state ρS .
Assuming that the initial state ρP (u) can be an arbi-
trary state in the Bloch sphere of P , it follows that in the
coherence vector formalism R(ρS , t) is represented by an
ellipsoid contained in the Bloch sphere of S, centered in
~a(t, ~s0), with the semi axes given by the singular values
of A(t, ~s0). A sufficient condition for accessibility which
is generically satisfied can be given in terms of the eigen-
values of AT , αi, i = 1, . . . , 4. In particular, the system
is accessible if
(α2 − α4)2 6= (α1 − α3)2
(α1 − α4)2 6= (α2 − α3)2
(α3 − α4)2 6= (α1 − α2)2. (22)
To see that this is a sufficient condition for accessibility,
one calculates the 6−th derivative with respect to time
of the determinant of the matrix A(t, ~s0) in (19) for t = 0
(all the lower order derivatives are zero at that point). If
condition (22) is verified, then this derivative is different
from zero. If the system were not accessible then the
matrix A(t, ~s0) should have a singular value equal to zero
for every t in an arbitrarily small interval [0, ǫ). Therefore
detA(t, ~s0) ≡ 0 for t ∈ [0, ǫ) and its derivatives should all
vanish at t = 0.
To find conditions for controllability is more compli-
cate. In fact, the evolution of the reachable set can be
quite involved and the condition R(ρS) = PS could de-
pend on the parameters of the model in non trivial ways.
Our goal here however is to show that it is possible to
use the environment to have complete control over the
state of the system. Therefore we will show that inco-
herently controllable evolutions are possible by exhibit-
ing an explicit example. The simplest cases arise when
4R(ρS , tˆ) = PS at some time tˆ. This can be obtained by
choosing α1 = α2 = α3 = 0 and α4 6= 0. Since relations
(22) are satisfied, we have accessibility for all α4 6= 0.
Moreover, equations (19) and (20) simplify to
A(t, ~s0) =
1
2

 1− γr(t) −szγi(t) syγi(t)szγi(t) 1− γr(t) −sxγi(t)
−syγi(t) sxγi(t) 1− γr(t)

 (23)
and
~a(t, ~s0) =
1
2
(
1 + γr(t)
) sxsy
sz

 (24)
where
γr(t) = e
−α2
4
f(t) cos
(
α24ϕ(t)
)
,
γi(t) = e
−α2
4
f(t) sin
(
α24ϕ(t)
)
. (25)
A sufficient condition for controllability is that A(tˆ, ~s0) =
I and a(tˆ, ~s0) = ~0 at some time tˆ. Therefore γr(tˆ) = −1
and γi(tˆ) = 0, that is{
α24f(tˆ) = 0
α24ϕ(tˆ) = (2k1 + 1)π, k1 ∈ Z
(26)
The first condition in (26) is satisfied if and only if
cosωitˆ = 1, that is ωi tˆ = 2k2iπ for all i = 1, . . . N , with
k2i ∈ Z. This condition can certainly be satisfied if the
environment consists of a field in a cavity, for appropri-
ate values of k2i. Finally, using the second equation with
sinωitˆ = 0 for all i = 1, . . . N , we find a condition on the
eigenvalue α4:
1
α24
=
2
2k1 + 1
N∑
i=1
k2i
( gi
~ωi
)2
, (27)
with arbitrary k1 ∈ Z. Therefore, controllability can be
achieved for an appropriate combination of the parame-
ters defining the dynamics of the bath (the frequencies
ωi) and the parameters defining the interaction (the αj ’s,
j = 1, . . . , 4).
Condition (27) is a rather strict request on the coeffi-
cient α4. However, if it is possible to change some pa-
rameters in the bath dynamics (e.g. the intensity of the
electromagnetic field in a cavity) they could be tuned in
order to realize an incoherently controllable system.
The crucial point to obtain controllability is that the
interaction of the environment with the system T must
have at least one entangled eigenvector. A physical ex-
ample is given by two identical quantum dots, localized
in different positions qS and qP , in an electromagnetic
cavity, with a non-dipole interaction with the electro-
magnetic field. The position degrees of freedom, not in-
volved in AT , can be used to distinguish the probe from
the system and then to perform the incoherent control
protocol.
CONCLUSIONS
We have described a model of incoherent control of a
system S by means of a probe P , in the presence of a
common environment E. We have assumed that S and
P do not evolve in absence of the environment, so their
dynamics is only due to the interaction with E. In this
framework, we have proved that the induced correlations
between S and P are, in some cases, rich enough to al-
low total control of S through P . These results com-
plement recent research on the creation of entanglement
and suggests that further investigations of the control of
a quantum system through its correlations with the en-
vironment will prove fruitful.
In this model, a necessary condition for accessibility
and controllability is that the interaction of E with T =
S + P is not a superposition of separate interactions.
Otherwise, even if S and P become entangled, it is not
possible to achieve accessibility or controllability of S. It
is still possible to drive S using P , but this is a limited
ability.
The dynamics considered in this work is non-
Markovian, but this does not seem to be a fundamental
assumption: in fact, it has been proved in [21] that also
Markovian dynamics can entangle initially uncorrelated
systems.
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